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Chapter 1 
Introduction 



The motivation of this thesis is to develop pre-quantization of quasi-Hamiltonian spaces 
with group- valued moment maps by introducing the notion of relative gerbes and address- 
ing their differential geometry. 

Giraud [13] first introduced the concept of gerbes in the early 1970s to study non-Abelian 
second cohomology. Later, Brylinski [7] defined gerbes as sheafs of groupoids with certain 
axioms, and discussed their differential geometry. He proved that the group of equivalence 
classes of gerbes gives a geometric realization of integral three cohomology classes on man- 
ifolds. Through a more elementary approach, Chatterjee and Hitchin [8, 22] introduced 
gerbes in terms of transition line bundles for a given cover of the manifold. From this point 
of view, a gerbe is a one-degree-up generalization of a line bundle, where the line bundle 
is presented by transition maps. A notable example of a gerbe arises as the obstruction 
for the existence of a lift of a principal G-bundle to a central extension of the Lie group. 
Another example is the associated gerbe of an oriented codimension three submanifold of 
an oriented manifold. The third example is what is called "basic gerbe," which corresponds 
to the generator of the degree three integral cohomology of a compact, simple and simply 
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connected Lie group. The basic gerbe over G is closely related to the basic central exten- 
sion of the loop group, and it was constructed, from this point of view, by Brylinski [7]. 
Later, Gawedski-Reis [12], for G=SU(n), and Meinrenken [30], in the general case, gave a 
finite-dimensional construction along with an explicit description of the gerbe connection. 

Quasi- Hamiltonian G-spaces (M, a;,^') with group- valued moment maps ^ : M — > G 
are introduced in [2] . The 2-form cu is not necessarily non-degenerate. However, its kernel 
is controlled by the minimal degeneracy condition. Gonjugacy classes of G, with moment 
map the inclusion into G, are the main examples of the quasi- Hamiltonian G-spaces. An- 
other example is the space G^^, with moment map the product of Lie group commutators. 
One can define the notion of reduction for group-valued moment maps, and the reduced 
spaces M/ /G = ^~^(e)/G are symplectic. The "fusion product" of two quasi-Hamiltonian 
G-spaces is a quasi-Hamiltonian G-space, with moment map the pointwise product of the 
two moment maps. This product gives a ring structure to the set of quasi-Hamiltonian 
G-spaces. 

This thesis introduces the notion of relative gerbes for smooth maps of manifolds, and 
discusses their differential geometry. The equivalence classes of relative gerbes are classified 
by the relative integral cohomology in degree three. Furthermore, by using the concept of 
relative gerbes, the pre-quantization of Lie group-valued moment maps is developed, and 
its equivalence with the pre-quantization of infinite-dimensional Hamiltonian loop group 
spaces is established. 

The organization of this thesis is as follows. In Ghapter 2, I discuss the relative 
(co)homology of a smooth map between two manifolds. When the map is inclusion, the 
singular relative (co) homology of the map coincides with the singular relative (co) homology 
of the pair. Also, for a continuous map of topological spaces, the relative (co)homology of 
the map is isomorphic to the (co)homology of the mapping cone. In Ghapter 3, following 
the Ghatterjee-Hitchin perspective on gerbes, I define the notion of relative gerbe for a 
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smooth map $ e C°°{M, N) between two manifolds M and as a gerbe over the target 
space together with a quasi-hne bundle for the pull-back gerbe. I prove that the group 
of equivalence classes of relative gerbes can be characterized by the integral degree three 
relative cohomology of the same map. 

Another objective of this thesis is to develop the differential geometry of relative gerbes. 
More specifically, in Chapter 4, the concepts of relative connection, relative connection 
curvature, relative Cheeger-Simon differential character, and relative holonomy are intro- 
duced. As well, I prove that a given closed relative 3-form arises as a curvature of some 
relative gerbe with connection if and only if the relative 3-form is integral. I also prove 
that a relative gerbe with connection for a smooth map $ : M — > generates a relative 
line bundle with connection for the corresponding map of loop paces, : LM LN. In 
addition, I prove that the group of equivalence classes of relative gerbes with connection 
gives a geometric realization of degree two relative Deligne cohomology. 

In Chapter 5, I give an explicit construction of the basic gerbe for G = SU{n), and 
of suitable multiples of the basic gerbe for the other Lie groups. As well, I show that the 
construction of the basic gerbe over SU (n) is equivalent to the construction of the basic 
gcrbc in Gawedzki-Rcis [12]. In this chapter, I also construct a relative gerbe for the map 
Hoi : Ag{S^) G, where Ag{S^) is the affine space of connections on the trivial bundle 

X G. Inspired by the pre-quantization of Hamiltonian G-manifolds, the other objective 
of this thesis is to construct a method to pre-quantize the quasi-Hamiltonian G-spaces with 
group- valued moment maps. To achieve this, I use the premise of relative gerbes, developed 
in this thesis. Let G be a compact, simple and simply connected Lie group and (M, cu, ^) be 
a quasi-Hamiltonian G-space. One of the axioms of a group-valued moment map (M, cu, ^) 
is duj = \E'*77, where rj is the canonical 3-form. This means that the pair {uj,ri) is a cocycle 
for the relative de Rham complex for the moment map ^. A pre-quantization of a quasi- 
Hamiltonian G-space with G- valued moment map is defined in Chapter 5 by a relative gerbe 
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with connection with relative curvature (a;, 77) e Q^(^). Based on the results of Chapter 
4, (M, a;,^') is pre-quantizable if and only if the relative 3-form {00,7]) is integral. I prove 
that, given two pre-quantizable quasi-Hamiltonian G-spaces, their fusion product is again 
pre-quantizable. 

In Chapter 5, the pre-quantization conditions for the examples of quasi-Hamiltonian 
G-spaces, described previously, are examined. I show that a given conjugacy class C = 
G ■ exp(^) of G is pre-quantizable when e A*, where A* is the weight lattice. I also 
illustrate that G^^ has a unique pre-quantizaion, which enables one to construct a finite 
dimensional pre-quantum line bundle for the moduli space of flat connections of a closed 
oriented surface of genus h. 

Further, recall that there is a one-to-one correspondence between quasi-Hamiltonian 
G-spaces and infinite dimensional loop group spaces [2]. Extending this correspondence, 
in Chapter 5, I prove that pre-quantization of a quasi-Hamiltonian G-spaces with group- 
valued moment map coincides with the pre-quantization of the corresponding Hamiltonian 
loop group space. 

As a continuation of this thesis, one can consider the "quantization" of quasi-Hamiltonian 

G-spaccs. It is expected that this advancement should involve the relative notion of twisted 
K-theory, to be developed. 



Chapter 2 

Relative Homology/ Cohomology 



2.1 Algebraic Mapping Cone for Chain Complexes 

Definition 2.1.1. Let /, : X, — > Y, be a chain map between chain complexes over R 
where R is a commutative ring. The algebraic mapping cone of / [10] is defined as a chain 
complex Cone,(/) where 

Cone„(/) = ® y„ 

with the difi^erential 

d{e,rj)^{d9J{0)-drj). 

Since 9^ = 0, we can consider the homology of this chain complex. Define relative homology 
of /, to be 

HM :=//„(Cone.(/)). 

The short exact sequence of chain complexes 

^ y„ ^ Cone„(/) ^ ^ 
where = (0, /?) and k{a,(3) — a gives a long exact sequence in homology 

• • • ^ Hr,{Y) ^ HM ^ ^n-i W ^ H^-i{Y) ^ • • • (2.1.1) 
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where 5 is the connecting homomorphism. 

Lemma 2.1.1. The connecting homomorphism S is given by ^[7] = [/(7)] /or 7 e X^-i- 

Proof. For 7 e Xn-i, we have A: (7,0) = 7. The short exact sequence of chain complexes 
gives an element 7' e Y^-i such that = d{j, 0) = {dj, /(7)). 5 is defined by ^[7] = [7']. 
But by definition of j, j(7') — (0> t')- Therefore 7(7) = 7'. This shows ^[7] = [/(7)]- □ 

Definition 2.1.2. We call a chain map /, : X, — > F, a quasi- isomorphism if it induces 
isomorphism in cohomology, i.e., H,{X) ^ H,{Y). 

Corollary 2.1.2. /, : X, — > Y, is a quasi-isomorphism if and only if H,{f) = 0. 

Proof. / is a quasi-isomorphism, if and only if the connecting homomorphism in the long 
exact sequence 2.1. lis an isomorphism. □ 

Definition 2.1.3. A homotopy operator between two chain complexes f,g:X,—^Y,isa. 
linear map h : X, F.+i such that 

hd + dh = f - g. (^) 

In that case, / and g are called chain homotopic and we denote it by / ^ ^f. 

Two chain maps f : X, Y, and g : Y, X, are called homotopy inverse iigof ~ idx 
and / o ~ idy are both homotopic to the identity. If / : X, — > Y, admits a homotopy 
inverse, it is called a homotopy equivalence. In particular every homotopy equivalence is a 
quasi-isomorphism. 

Proposition 2.1.3. Any homotopy between chain maps f,g:X,^Y, induces an isomor- 
phism of chain complexes Cone(/), and Cone(gf),. 

Proof. Given a homotopy operator h satisfying (★), define a map F : Cone,(/) — > Cone,(gi) 

by 

F{a,p) = {a,-h{a) + (3). 
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□ 



Since 

dF{a, p) = {da, g{a) + dh{a) + dp) = {da, f{a) - hd{a) + dp) = Fd{a, p) 
F is a chain map and its inverse map is F~^{a, P) — {a, h{a) + P). 

Lemma 2.1.4. Let 

> X, > Y, > Z, > 



> X, > Y, > Z, > 

be a commutative diagram of chain maps with exact rows. If two of vertical maps are 
quasi-isomorphism, then so is the third. 

Proof. The statement follows from the 5-Lemma applied to the corresponding diagram in 
homology, 

... , H,{X) > H,{Y) > H,{Z) > H,_,{X) ^ ■■■ 



H,{X) > H,{Y) > H,{Z) > H,_,{X) 



□ 



Proposition 2.1.5. Suppose we have the following commutative diagram of chain maps, 



/. 



X, Y, 



X. Y. 

such that $ and ^' are quasi-isomorphisms. Then the induced map 

F : Cone.(/) ^ Cone.(/), {a,P) ^ 
is a quasi-isomorphism. 
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Proof. The map F is a chain map since, 

dFia,i3) = dma),^m 

^F{da,f{a)-d(3) 
= Fd{a,(3). 

The chain map F fits into a commutative diagram, 

> Y, > Cone.(/) > > 

> Y, > Cone.(/) > X,_i > 

Since $ and ^ are quasi-isomorphisms, so is F by Lemma 2.1.4. □ 
Proposition 2.1.6. For any chain map /, : X, — >• Y, there is a long exact sequence 

> Hn-i{kerf) ^ H4f) ^ H^cokerf) ^ Hn-2{kerf) ^ ifn-i(/) ^ • • • 

where j, k and the connecting homomorphism S are defined by 

m = [(^,0)] 

k[{9,r])] = [r^modfiX)] 
5[{rimodf{X))] = [89] e H^^^ikerf). 

Here, r] & Yn and dr] = f{9) for some 9 e Xn-i- In particular, if f is an injection 
Hn{f) = Hn{cokerf), and if it is onto H^if) = Hn-i{kerf). 

Proof. Let /, : X, — > im{f,) C Y, be the chain map /,, viewed as a map into the sub- 
complex f,{X,) C Y,. We have the following short exact sequence 

Cone„(/) A Cone„(/) coker{fn) 
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where k is as above and i is the inclusion map. Therefore we get a long exact sequence 

• • • ^ A HM ^ Hr^icokerf) ^ ^ • • • . (2.1.2) 

Let : X,/kerf, im{f,) be the map induced by /. Notice that since /' is an isomor- 
phism, therefore H,{f') — 0. By using the long exact sequence corresponding to the short 
exact sequence 

^ kerf._, ^ Cone.(/) A Cone.(/') ^ 

where j{9) = {0,0), and Tr{9,rj) = {9 mod kerf ,7]), we see that j is a quasi-isomorphism. 
Since j = i o j, we obtain the long exact sequence 

> Hn-i{kerf) ^ H4f) A Hn{cokerf) ^ Hn^kerf) ^ • • • . 

To find connecting homomorphism, assume [77 mod f{X)] e Hn{coker f) for 77 e Y^. Then 
df] e f{X), i-e., 9?7 = /(6') for some 9 G Since 

f{d9) = df{9) = ddT] = 

then 89 e ker{f). Also ^(^,77) = 77 mod /(X) and j{9) = i o]{d9) = i{d9,0) = (89,0) = 
8{9,r]). Thus, we have 

S[{r)modf{X))] = [89] e H^.^ikerf). 

□ 



2.2 Algebraic Mapping Cone for Co-chain Complexes 

If /• : X* — > F* be a co-chain map between co-chain complexes, the algebraic mapping 
cone of / is defined as a co-chain complex Cone*(/) where 

Cone"(/) = r"-^©X" 
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with the differential 

d(a,(3) = (f((3)-da,d(3) 

Since — 0, we can consider the cohomology of this co-chain complex. Define relative 
cohomology of /' to be 

H^if) := i^"(Cone-(/)). 

Remark 2.2.1. Any cochain complex {X*,d) may be viewed as a chain complex {X,,d) 
where Xn = and 9„ = (n e Z). This correspondence takes cochain maps 

/* : X* — > Y* into chain maps /, : X, — > Y, where fn = /~" and identifies Cone(/) and 
Cone(/) up to a degree shift: 

Co^f)^ = Cone(/)-" = Y-""-^ © X"" 

Cone(/)„ = e i; = © r-. 

Thus, C^f)^ ^ Cone(/)„+i. 

Using this corresondence, results for the mapping cone of chain maps directly carry over 
to cochain maps. 

2.3 Kronecker Pairing 

For a chain complex X,, the dual co-chain complex (X')* is defined by (X')** — Hom{Xn, R) 
with the dual differential. 

Proposition 2.3.1. Let /, : X, — >• Y, be a map between chain complexes and (/')* : 
{Y')* i^')* be its dual cochain map . Then the bilinear pairing 

Cone"(/') X Conen(/) ^ R 

given by the fomula 

{{a,P),{9,ri))^{a,9)-{P,ri) 
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for {cK,P) e Cone"(/') and {9,7]) e Conen(/); induces a pairing in cohomology /homology 

H^if) X H^if) ^ R. 

Proof. It is enough to show that a cocycle paired with a boundary is zero and a coboundary 
paired with a cycle is zero. Let {a, (3) — d{a' , (3') and d{9,ri) — 0. Therefore by definition 

a = f(3' - da', (3 = dfi' 

and 

dr^^f{d),de^Q. 

{{a,P),{9,ri)) = {a,9)-{P,ri) 

^{f(3',9)-{da',9)-{d^',r)) 

= {f'P',9)-{a',d9)-{f3',dv) (2.3.1) 

^{f'P',9)-{f3',f{9)) 

= 0. 

Similarly we can prove that a co-boundary paired with a cycle is zero. □ 

Lemma 2.3.2. // f, : X, ^ Y, is a chain map , and (/')* : {Y')* — >• {X')* he its dual 
cochain map, then Cone*(/') = (Cone,(/))'. 

Proof. Notice that Cone"(/') = (Cone„(/))' = ® (F'^)'. It follows from definitions 

that 

{d{a,(3),{9,r^)) = {{a,P),d{9,r^)). 
Therefore differential of Cone"(/') is dual of differential of Cone„(/). □ 
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2.4 Singular, De Rham, Cech Theory 

In this Section, we fix two manifolds M and N and a map $ e C^{M, N). 
Singular relative homology: Consider the push-forward map : Sq{M, R) — > Sq{N^ R), 
where R is a commutative ring and Sq{M,R), Sq{N,R) are the singular chain complexes 
of M and N respectively. Singular relative homology is the homology of the chain complex 
Cone,($*), and is denoted H,{^,R). 

Singular relative cohomology: Consider the pull-back map $* : S'^{N,R) — >• S''{M,R), 
where R is a commutative ring and S'^{M, R), S'^{N, R) are the singular co-chain complex 
of M and N respectively Singular relative cohomology is the cohomology of the co-chain 
complex Cone*($*), and is denoted 

De Rham relative cohomology: For $ e C°°{M, N), consider the pull back- map 

between differential co-chain complexes. We denote the cohomology of Cone*($*) by 
H'^{^) and will call it de Rham relative cohomology . 

Cech relative cohomology: Let ^4 be a R-module, and U = {Ua} be a good cover of a 
manifold M, i.e., all the finite intersections are contractible. For any collection of indices 
CKo, • • • , ccp such that fl • • • fl U^p 7^ 0, let 

Uao---ap — C] • • • f] Uap- 

A Cech-p-cochain f e {14, A) is a, function 

/ J J fao---ap ■ J J ^ao-'-ccp ^ ^ 

where fao-ap is locally constant and anti-symmetric in indices. The differential is defined 

by 

p+i 

{df)ao—ap+i = ^ ] (~^) fao—ai—ap+i 
i=0 
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where the hat means that the index has been omitted. Since do d — 0, we can define Cech 
cohomology groups with coefficients in A by 

HP{M,A) :^ HP{C{U,A)). 

Let U — {Ui}i^i, V — {Vj}j^j be good covers of M and N respectively such that there exists 
a map r : I ^ J with ^{Ui) C Vr(i). Let C'{M, A),C'{N, A) be the Cech complexes for 
given covers, where A is an R- module. Using the pull-back map $* : C'{N, A) C*{M, A), 
we define the relative Cech cohomology to be the cohomology of Cone*($*). Denote this 
cohomology by H*(^,A). 

Suppose that A is one of the sheaves ( [15], [7]) Z, R,U(1), Denote the space of 
k-co chains of the sheaf ^ on M and N respectively by C''{M,A) and C''{N,A). Here the 
differential is defined as above. Again, we have an induced map 

: C\N,A) C''{M,A) 

Denote the cohomology of Cone*($*) by H*{^,A). 

Theorem 2.4.1. There is a canonical isomorphism H^jii^) = i7'^($,M). 

Proof. Let S*^{M, M) and 5'*^(A^, M) be the smooth singular cochain complex of M and N 
respectively [4] . Consider the following diagram : 

Qn(7V) -^1^ Q'»(M) 
9" /" 

where /" is defined by f^co) '■ cr ^ cr*cu, for cv E r2"(M) and a G Sj^"^{M) is a smooth 
singular n-simplex. g' is defined in similar fashion. From these definitions, it is clear that 
the diagram commutes. /* and g* are quasi-isomorphisms by de Rham Theorem [4] . Define 
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k* : Q'($,R) ^ by k'{a,(3) = {f—\a),g'{p)). We can use Proposition 2.1.5 

and deduce that k* is a quasi-isomorphism. There is a co-chain map 

r ■.S'{M,R)^S:^{M,R) 

given by the dual of the inclusion map in chain level. In ( [33], p. 196) it is shown that /* is 
a quasi-isomorphism. Therefore if we use Proposition 2.1.5 again, we get 

i/"($,M) M). 

Together we have R) ^ //•^($,M). 

□ 

Theorem 2.4.2. For $ e C°°{M,N), there is an isomorphism H^ni^) = 

Proof. Let U = {Ui}i^i, V = {Vj}j^j be good covers of M and N together with a map 
r : I ^ J such that $(C/i) C Vr(i). Define the double complex EP'1{M) = CP{M,ni) 
where CP{lA,Vfi) is the set of g-forms uiao-av ^ ^^{Uao-ap) anti-symmetric in indices with 
the differential d defined as before. Let E'^{M) = 0p+^=„ -E'^''^(M) be the associated total 
complex. The map ^ : M ^ N induces chain maps : E'^{N) E'^{M). We denote 
the corresponding algebraic mapping cone by The inclusion C'^{M,U) — > E"{M) 

is a quasi-isomorphism ( [4], p. 97). We have a similar quasi-isomorphism for and since 
inclusion maps commute with pull-back of we get a quasi-isomorphism (?"($) E'^{^). 
Thus we get isomorphism 

^"($,R) ^ i/"(E($)). (2.4.1) 

The map Q'^{M) E^''^{M) C E'^{M) given by restrictions of forms o; i— > alc/^ is a quasi- 
isomorphism ( [4], p. 96). Again these maps commute with pull back, and hence define a 
quasi-isomorphism n'*($) — > £""($) which means 

//,V$)^ //"(£;($)). (2.4.2) 

By combining Equation 2.4.1 and Equation 2.4.2, we get H*{^,R) = H^r{^) □ 
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Remark 2.4.1. A modification of this argument, working instead with the double com- 
plex C'P{M, S"^) given by collection of S'^{Uao-ap) gives isomorphism between Cech relative 
cohomology and singular relative cohomology with integer coefficients, hence 



2.5 Topological Definition of Relative Homology 

Let $ : M — > A?" be an inclusion map, then the push- forward map : S,{M, R) — > S,{N, R) 
is injection. Proposition 2.1.6 shows that H,{^) ^ H,{S{N)/ S{M)) = H,{N,M;R). 
H,{N, M; R) is known as relative homology. Obviously this is a special case of what we 
defined to be a relative singular homology of an arbitrary map ^ : M ^ N. 

Given a continuous map f : X ^ Y oi topological spaces, define mapping cylinder 

cvi - i^xn^y 

^ f (x, 1) ~ fix) 

and mapping cone 



CyL 

Cone/ = ^'i, [201. 
^ X x{0} ^ ^ 



Let Cone(A:) := X x I/X x {0}. 
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Figure 2.1: Mapping Cone 




There are natural maps 

i -.Y ^ Cone/, j : Cone(X) —>■ Cone/ . 

Note that j is an inclusion only if / is an inclusion. There is a canonical map, 

/i:>S„_i(X)^5„(Cone(X)) 

with the property, hod + doh — k, where h is defined by replacing a singular n-simplex 
with its cone and k : X ^ Cone(X) is the inclusion map. Define a map 

In : Cone„(/^) ^^(Cone/), {x,y) j^{h{x)) -i^y). 
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Theorem 2.5.1. Z, is a chain map and is a quasi-isomorphism. Thus, 



HnU) = i^n(Cone/). 
Proof. Recall that d{x,y) — {dx,f^{x) — dy). Since 

/(a(0, y)) + a/(0, y) = /((O, -dy)) - di.y 
= i*{dy) - di^y 
= 



and 



l{d{x, 0)) + dl{x, 0) = l{{dx, f{x))) + dj,h{x) 

— j*h{dx) — i*f{x) + dj*h{x) 

— j*kif[x) i*f{x) 
= 



therefore dl + Id = 0. Consider diagram 







SniCylf) 

Sn{Y) 



Sn{Conef) 



Cone„(/*) 



(2.5.1) 



(2.5.2) 



Sn{Conef,Cylf) > 

Sn-l{X) 



> 



where the first row corresponds to the pair (Cone/, Cyly) and the right vertical arrow comes 
from 

S^_,{X)^Sn{Cone{X),X) = 5„(Conc/, Cyl^). 

exision 

The diagram commutes, and the rows are exact. Since the right and left vertical maps are 
quasi-isomorphisms, hence so is the middle map. □ 
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2.6 An Integrality Criterion 

If A and B are R-modules, then any homomorphism k : A ^ B induces homomorphisms 
n : A) H''{^,B) and k : Hn{^,A) S). In particular the injection 

t : Z — > R induces a homomorphism 

L : Z) M). 

A class [7] e M) is called integral in case [7] hes in the image of the map l. 

Proposition 2.6.1. A class [{a,P)] e if"($,R) is integral if and only if J^a — J^P E Z 

for all cycles {9,ri) G Cone„($,Z) . 

Proof. Consider the following commutative diagram 

> > R) //om(i/„($, R),R) > 

> Ext{Hn{^,Z)) > Z) Hom{Hn{^, Z),Z) > 

where i7'^($,R) — > i7om(i7„($, R), R) and r are pairing given by integral. The map 7 is 
inclusion map, considering the fact that 

Hom{Hni^,R),R) ^ Hom{Hni^,Z),R). 

Thus [{a, /?)] e R) is integral if a -/^ /? e Z for all cycles {6, rj) e Cone„($, Z). □ 

2.7 Bohr-Sommerfeld Condition 

Let {N, u) be a symplectic manifold. Recall that an immersion $ : M — > A?" is isotropic if 
$*a; = 0. It is called Lagrangian if furthermore dimM = | dim A^. Suppose Hi(N, Z) = 
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and u is integral. A Lagrangian immersion $ : M — > A^" is said to satisfy the Bohr- 
Sommerfeld ( [16], [25]) condition if for all 1-cycles 7 e Si{M) 

u where dD = $(7). 

Note that since u; is integral, this does not depend on the choice of D. Also, ii u; — d6 is 
exact ( for example for the cotangent bundles ) , the condition means that 

e Z for all 1-cycles 7. 

In terms of relative cohomology, the condition means that (0, a;) e defines an integral 

class in The interesting feature of this situation is that the forms on M,N are 

fixed, and defines a condition on the map 

Example 2.7.1. Let N = M?, M = S^, to = dxAdy, $ ~ inclusion map. Then the immersion 
$ : 5*^ satisfies the Bohr-Sommerfeld condition. 



Chapter 3 

Geometric Interpretation of Integral 
Relative Cohomology Groups 

Let $ e C°°(M, N) where M and N are manifolds. Let [/ = { Ui}i^i, V ^{ Vj}jej be good 
covers of M and respectively such that there exists a map r : I ^ J with $( [/,) C Vr(i). 

Proposition 3.0.1. Z) ^ i/«-i(<l>, /or q>l. 

Proof. We have the following long exact sequence 

^ H'^-\M, R) M) ^ i/«(A^, R) ^ //«(M, R) ^ • • • . 

Since //'(M,!) = and H'{N,R) = 0, we see that R) = for g > 0. By using the 

long exact sequence associated to exponential sequence 

O^Z^R^^ U{1)_ 0, W 

we can deduce that Z) = Hi-\^, U{1)) for q>l. □ 
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3.1 Geometric Interpretation of iif^($,Z) 

Let X be a manifold. We say that a function / e C°°(X, C/(l)) has global logarithm if 
there exists a function k e C°°{X,M) such that / = exp((27r-\/^)/c). 

Definition 3.1.1. Two maps f,g:X^U{l) are equivalent if f /g has a global logarithm. 

The short exact sequence of sheafs (*) gives an exact sequence of Abelian groups 

^ H^{X, Z) ^ C^{X, R) ^ C°°{X, [/(!)) ^ H\X, Z) ^ 0. 

This shows there is a one-to-one correspondence between equivalence classes and elements 
of H^{X,Z). We are looking for a geometric realization of if^($,Z) for a smooth map 
$ : M ^ iV. Let 

jC := {{k, /)|$7 = exp((27r^)fc)} C C°°(M, M) x C~(iV, U{1)). 

jC has a natural group structure. There is a natural group homomorphism, 

r :C°°{N,R) ^ £ 

where r is defined for / G C°° {N, M) by 

T(0 = (ri,exp((27rv^)0). 

Definition 3.1.2. We say {k,f), {k' , f) e C are equivalent if ///' = exp((27r-\/^)/i) for 
some function h e C°°(A/', R) such that 

^*h^k- k'. 

The set of equivalence classes is a group C/t{C°°{N,'R)). 
Theorem 3.1.1. There exists an exact sequence of groups 

C^{N, R) A £ ^ H\^, Z) ^ 0. 
Thus H^{^,Z) parameterizes equivalence classes of pairs {k,f). 
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Proof. The first step will be constructing a group homomorphism 

Given {k, /), let Ij e C°°{Vj, M) be local logarithms for f\vj, that is f\vj = ex.-p{{27ry/-l)lj). 
On overlaps, ajf :— Iji — Ij : Vjj> — > Z defines a Cech cocycle in &{N, Z). Let 

Since b\ — bi — ^*ar(i)r(i'), so that (6, a) defines a Cech cocycle in C^($, Z). Given another 
choice of local logarithms Ij, the Cech cocycle changes to 

bi — bi + $*Cr(i), Ujj' — ajj' + Cji — Cj 

where Cj ^Tj - Ij : Vj Z. Thus (b,a) = ( 6, a) + d{0, c) and xik, f) := [(&, a)] e H\^, Z) 
is well-defined. Similarly, if {b, a) = d{0, c) then the new local logarithms Ij = Ij — cj satisfy 
ajji — which means that the Ij patch to a global logarithm /. bi = $*Cr(j) implies that 
k\ui — ^*lr{i): which means k — This shows that the kernel of x consists of {k, f) such 
that there exists I e C"^(iV, R) with / = exp((27r\/^)/) and k = i.e., ker{x) = imij). 

Finally, we are going to show that x is surjective. Suppose that (6, a) e C^($, Z) is a 
cocycle. Then 

^j'j" — ^jj" ^jj' ~ (3.1.1) 

^* ar{i)r{i') = h' - bi (3.1.2) 

Choose a partion of unity 'Ylij^j — ^ subordinate to the open cover = { Vj}jQj. Define 
f,eC^{Vj,U{l))hy 

fj = ex.p{2nV^^ajphp). 

peJ 
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By applying (2.1.1) on Vj fl Vf we have 



fjfj' ^ = exp{2n\^ ^ ajphp) exp(-27r"/^ ^ a^php) 

peJ peJ 

— exp(27r\/^y^ '^jj'hp) 
= 1. 

Hence the fi define a map / e C°°(A^, U{1)) such that = fj. Define A;^ e C°°(C/i, R) by 

A;^ = ^(ra,(i)p + bi)<^*hp. (3.1.3) 

Since bi E Z , exp{{2^T^/^)ki) = (^*f\u^. We check that on overlaps UiDUi', ki — ki> = 0, so 
that the {ki} defines a global function k e C°°(M,R) with $*/ = exp((27r^^)A;). Indeed 
by applying (2.1.1) and (2.1.2) on Ui fl C/j/ we have 

^{^*ar(i)p + ^*apr(i>) + bi- be)^*hp = ^i<^*ar(i)r{i') + k - bi>)^*hp = 0. 
peJ peJ 

By construction x{b, a) — [{k, /)] which shows x is surjective. □ 

Remark 3.1.1. Any (/c, /) e £ defines a C/(l)-valued function on the mapping cone, Cone<^ = 
N U$ Cone(M), given by / on and by exp((27rv^)iA;) on Cone(M). Here t E I is the 
cone parameter. Hence, one obtains a map 

C i/^(Cone$, Z) ^ H\(^, Z). 

This gives an alternative way of proving the Theorem 2.1.1. 



3.2 Geometric Interpretation of i/^(<l>,Z) 

Denote the group of Hermitian line bundles over M with Pic{M) and the subgroup of 
Hermitian line bundles over M which admits a unitary section with Pico{M). Recall that 
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there is an exact sequence of Abelian groups 

^ Pico{M) ^ Pic{M) ^ H^{M, Z) ^ 

defined as follows. For the hne bundle L over M with transition maps cu/ G C°°{Uii', U{1)) 
over good cover {Ui}i^i for M, S{L) is the cohomology class of the 2-cocycle {ajj/j// : t/jj/j// —>■ 
Z given as 

awi" (- — ^=(logCiV' - logQj// + logCii/)) e Z. 

Thus we can say two Hermitian line bundles Li and L2 over M are equivalent if and only 
if 1/1-^2^ admits a unitary section. The exact sequence shows H'^{M, Z) parameterizes the 
equivalence classes of hne bundles [27]. The class 5{L) C\{V) is called the first Chern class 
of L. Similarly, for a smooth map $ : M — > iV we are looking for a geometric realization of 

//2($,Z). 

Definition 3.2.1. Suppose $ G C°°(A'/, A^) and Li, L2 are two Hermitian line bundles over 
N, and (7i,(72 are unitary sections of $*Li,$*L2. Then we say (Li,(7i) is equivalent to 
(L2,cr2) if LiL2^ admits a unitary section r and there is a map / G C°°(M, R) such that 
($V)/aia2-^ = exp((27rv^)/). 

This defines an equivalence relation among {a,L), where L is a Hermitian line bundle 
over N, and cr is a unitary section of 

Definition 3.2.2. A relative line bundle for $ G C°°(M, A") is a pair (cr, L), where L is 
a Hermitian line bundle over A" and a is an unitary section for $*L. Define the group of 
relative line bundles 

Pic($) = {(cr, L)|L G Pic( A"), cr a unitary section of $*L} 
and a subgroup of it 

Pico($) = {{a, L) G Pic($) |3 a unitary section r of L and A; G C°°(M, R) 
with $V/(T = exp((27r\/^)A;)}. 
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Example 3.2.1. Let {N,u!) be a compact symplectic manifold of dimension 2n, and let 
L ^ N he a line bundle with connection V whose curvature is cu, i.e., L is a pre-quantum 
line bundle with connection. A Lagrangian submanifold N satisfies the Bohr-Sommerfeld 
condition if there exists a global non- vanishing covariant constant (=flat) section ctm of 
$*L, where $ : M — > A?" is inclusion map (1.6, [25]). For any Lagrangian submanifold M, 
{aM,L) E Pic($). 

Theorem 3.2.1. There is a short exact sequences of Abelian groups 

^ Picoi^) Pic($) ^ H^(^,Z) 0. 
Thus Z) parameterizes the set of equivalence classes of pairs (cr, L). 

Proof We can identify H^{<^,Z) with H\ U{1) ) by Proposition 2.0.1. Let (cr, L) e 
Pic{^). Let {Vj}j^j be a good cover of N and {Uiji^j be good cover of M such that 
there exist a map r : I ^ J with $(f/j) C Vr(i). Choose unitary sections aj of L\vj- The 
corresponding transition functions for L are 

^jj' e J,j'^J, 9jj'<^j^crj' on Vjj> 

Define fi = ^*{ar(i))/<J on t/j. Then 



(3.2.1) 



/,i^7^ = ($*(c7.(,))/(7).($*(a,(,))/a)-i 

= ^*5'r(i)r(i')- 

Since 

{Sg)r(i)r{i')r{i") = 1, 

then {ft, gr{i)rii')) is a cocycle in C^($,Z). If we change local sections aj, j e J, then 
ifij9r{i)r{i')) wiU shift by a co-boundary. Define 

^ : p,c($) ^ i/^( $ , t/(l) ), (a, L) ^ [(/, p)]. 
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To find the kernel of x, suppose that (/, g) — S{t, c). Thus g — 5c and / = 0*(c) exp(27ri/i) ^, 
where h is the global logarithm of t. Define local section Tj := cxj/cj on Vj. Since on Vjji 

then we obtain a global section r. On the other hand, 

^*ar{i)/(T ^ fi^ 4'*Cr{i) exp((27rv^)/i)~\ 

Therefore (jfr/a — exp((27r-\/^)/i)~^. This exactly shows that the kernel of x is Pico($). 

Next we are going to show x is onto. Let {fi^gjji) e C^{^, U{1) ) be a cocycle. Pick a 
line bundle L over N with gjj/ corresponding to local sections aj. ^*ar(i)/ fi defines local 
sections for $*L over Ui. On Ui n Ui' 

^*(^r(i)/ fi = ^*(^r{i')/ fi' 

which defines a global section a for $*L. By construction, x((j, L) = [(/, ^f)]. This shows x 
is onto. □ 

Remark 3.2.1. A relative hne bundle (L, a) for the map ^ : M ^ N, defines a line bundle 
over the mapping cone, Cone$ = N Cone(M). This line bundle is given by L on 
N C Cone$ and by the trivial line bundle on Cone(M) . The section a is used to glue these 
two bundles. Hence, one obtain a map 

Pic($) ^ i/^(Cone$,Z) ^ H^(^,Z). 



3.3 Gerbes 



Our main references for this Section are [22], [8] and [21]. 

Let U — {Ui}i^i be an open cover for a manifold M. It will be convenient to introduce 
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the following notations. Suppose there is a collection of line bundles -^i(o) ... j(n) on C/j(o)_ j(n). 
Consider the inclusion maps, 

■■ C/j(o),...,j(n+i) f^i(o),...,iW,...,i(n+i) = 0' • • • + 
and define Hermitian line bundles (5L)j(o)^ j(n+i) over C/j(o) _ j(n+i) by 

n+l 

5L :=(g)(5:L)(-^)\ 

k=0 

Notice that 5{5L) is canonically trivial. If we have a unitary section Aj(o)_ j(n) of -^^(o) ... j(n) 
for each U^(si)^,„^i{n) ^ 0, then we can define b\ in a similar fashion. Note that 5(5A) = 1 as 
a section of trivial line bundle. 

Definition 3.3.1. A gerbe on a manifold M on an open cover W = { Vi\i^i of M, is defined 

by Hermitian line bundles Lai on each IJai such that Lai = L^} and a unitary section Oa/i" 
of SL on C/jj/j// such that (5^ = 1 on Uii'i"iiii. Denote this data by ^ = {U, L, 6). 

We denote the set of all gerbes on M on the open cover U = {C/jjiej by Ger{M,U). 
Recall that an open cover V = {Vj}jeJ is a refinement of open cover U — {Ui}i^j if there 
is a map r : J ^ I with Vj C C/j. In that case we get a map 

Ger(M,U) ^ Ger(M, V). 

Define the group of gerbes on M by 

Ger{M) ^ \imGer{M,U). 

We can define the product of two gerbes Q and Q' to be the gerbe Q ® Q' consisting of an 
open cover of M, V = {V^}ie/ (common refinement of open covers of Q and Q'), line bundles 
Ljj/ <S) L'^-, on Vii/ and unitary sections Ou/in (8) 91^,-,, oi 5{L L') on V^j/j//. 

Q^^ the dual of a gerbe ^, is defined by dual bundles L^/ on Uu' and sections of 
S{L~^) over [/ji/i". Therefore we have a group structure on Ger{M). If $ : M ^ be a 
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smooth map between two manifolds and ^ be a gerbe on N with open cover V = {Vj}jeJj 
the pull-back gerbe is simply defined on U — {Ui}i^i where ^{Ui) C for a map 
r : I ^ J, line bundles ^*Lr(i)r{i') on Uu' and unitary sections 9 of 5($*L) on Uwi". 

Definition 3.3.2. (quasi-hne bundle): A quasi-hne bundle for the gerbe ^ on a manifold 

M on the open cover U = {Uiji^i is given by: 

1. A Hermitian line bundle Ei over each Ui 

2. Unitary sections ipn' of 

such that Sip — 9. 
Denote this quasi- line bundle with C — {E, 

Proposition 3.3.1. Any two quasi-line bundle over a given gerbe differ by a line bundle. 

Proof. Consider two quasi-line bundles C = {E, ip) and C = {E, ip) for the gerbe Q — 
{U, L, 9). ipii' <S> is a unitary section for 

Ei, ®E^^ ®LT^ ®E-^ ®Ei®Ui, ^ Ei, ® E-^ ® E'^ ® Ei 

^ Ei, ® E^^ ® Er^ ® Ei. 

Therefore E E~^ defines a line bundle over M. □ 

Denote the group of all gerbes on M related to the open cover U — { Ui}i^i which admits 
a quasi-hne bundle by Gero{M,U). Define 

Gero{M) =\imGero{M,U). 
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Proposition 3.3.2. There exists a short exact sequence of groups 

^ Gero{M) ^ Ger{M) ^ H\M, Z) ^ 0. 

Proof. Identify H^{M, Z) with H^{M, U{1)). Consider the gerbe Q on M. Refine the cover 
such that all Ljj/ admit unitary sections au'. Define 

t ■= {6a)e-\ 

Thus, St — 1 which means i is a cocycle. Define 

Different sections shift the cocycle by SC^{M,U{1)) which shows x is well-defined. Also 
x{S'S>Q') — [tf] — x(^)x(^')' which proves x is a group homomorphism. Next, we will show 
that the kernel of x is Gero{M). For Q e Gero{M), choose a quasi-line bundle C — [E, ip). 
Thus, t = d{aip~^). Hence, x{S) = [t] = 1- Conversely, if [t] = 1, then 

t^St' 

and by defining the new sections a' — t'a we see that 5a' — tSa — 6 which shows that Q 
admits a quasi-line bundle. 

Finally, we show that x is onto. liU = {Ui}i^i be an open cover of M and tn'in is a 
cocycle C^(M, C/(l)), then define a gerbe ^ on M by trivial fine bundle Ljj/ on Uw and 
unitary sections on Uui. Define 6 — tSa. Since 5t — 1, then 59 — 1. By construction 

xiQ) = [t]. 

□ 

Definition 3.3.3. Let g G Ger{M). x{G) e H^{M, U{1) ) = H^{M,Z) is called Dixmier- 
Douady class of the gerbe Q which we denote it by D.D.^. 

A gerbe admits a quasi-line bundle if and only if its Dixmier-Douady class is zero by 
Proposition 3.3.2. 
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Example 3.3.1. Let G be a Lie group and 1— >[/(!)— ^G—^G^la central extension. 
Suppose TT : P — > M is a principal G-bundle. A lift of tt : P — > M is a principal G-bundle 

7? : P — > M together with a map g : P — > P such that tt = n o q and the following diagram 
commutes: 

G X P > P 

GxP > P 

Suppose that {C/i}ig7 be an open cover of M such that P\ui ■— Pi has a lift Pj. Define 
G-equivariant Hermitian line bundles 

Ei = Pi xu(i) C^P\u,. 

Since U (1) acts by weight 1 on Ei, it acts by weight on Ei®E^^ :— En/ on Un/. Therefore G 
acts on Eii' and Enr/G is a well-defined Hermitian line bundle namely Lnr. By construction 
SL is trivial on Un'in, therefore we can pick trivial section 9 which obviously satisfy the 
relation 59 — 1. This shows the obstruction to hfting P to P defines a gerbe Q. 

If Ei Ui define a quasi-fine bundle C for then the line bundles E^ :— E^ ® n*L~^ 
patch together to a global G-cquivariant line bundle E ^ P and the unit circle bundle 
defines a global fift P ^ P. Conversely, if P admits a global fift P and Pj =: P \ui, then 
Ljj/ is trivial which shows the resulting gerbe is a trivial one. 

Example 3.3.2. Take A?" C M to be an oriented codimension 3 submanifold of an n-oriented 
manifold M. The tubular neighborhood Uq of N has the form P Xso(3) where P ^ N 
is the frame bundle. Let Ui = M - N. Then Uq n Ui = P Xso{3) - 0). Over 
(E^ — 0) = 5"^ X (0, oo), we have degree 2 fine bundle E which is 5*0(3) equivariant. Thus, 

Lqi := P Xso(3) E 
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is a line bundle over Uo n Ui which defines the only transition line bundle. Since there is 
no triple intersection, this data defines a gerbe over M. 

3.4 Geometric Interpretation of H^(^, Z) 

Definition 3.4.1. A relative gerbe for $ e C°°{M, N) is a pair (£, Q), where ^ is a gerbe 
over N and £ is a quasi-line bundle for ^*Q. 

Notation: Let $ e C^{M,N). Then 

Ger{^) = {(£, g)\{C, g)is a relative gerbe for* e C°°(M, A^).} 
Gero($) = {(£, Q) e Ger{^)\g admits a quasi-hne bundle >C's.th the fine bundle C (g) 
admits a unitary section} 

Example 3.4.1. Consider a smooth map ^ : M ^ N with dimM < 2. Let ^ be a gerbe on 
N. Since admits a quasi-line bundle say C, {C, ^) is a relative gerbe. 

Theorem 3.4.1. There exists a short exact sequence of Abelian groups 

^ Geroi^) ^ Ger($) A H^{^,Z) — > 

Proof. We can identify H^{^,Z) ^ ij"^(*, ?7(1) ). Let {Vjjj^j be a good cover of N and 
{Ui}iei be good cover of M such that there exist a map r : I ^ J with $(C/i) C V^^j). Let 
(£, ^) e Ger(<l>). Refine the gerbe Q — {U, L, 9) sufficiently such that all Ljji admit unitary 
sections ajji. Then, define tjjijn G C^(iV, [/(I)) by 

t:^ {5am-\ 

Since 59 — 1 and 5{5a) = 1, we have 5t — l. Let £ = {E, ■0) be a quasi-hne bundle for 
with unitary sections for line bundles ^ (8)$*Lr(i)r(i'). Define Sjj/ eC^(M, U (1)) 

by 
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where Aj is a unitary section for Ei . Now 

(rt-^)5($v) = 

(3.4.1) 

This proves that 6s = ^*t. Define the map 

K : Ger($) ^ H\^,U{1)), K{C,g) = [{s,t)]. 

It is straightforward to check that this map is well-defined, i.e., it is independent of the 

choice of ajj/ and Aj. Conversely, given G ^7(1)), we can pick Q such that 

9 — t~^{6a) and define 

Since 5s = then £ = {E,ip) defines a quasi-line bundle for ^*Q. The construction 
shows k{C,Q) — [{s,t)\. Therefore k is onto. 

We now show that ker(«;) = G'ero($). Assume k{C,Q) — [{s,t)\ is a trivial class. 
Therefore there exists (p,r) eC^(<l>,f/(l)) such that = (5(p, r) = (<l>*r((5p)"^ (5r). 

t — 5r shows that Q admits a quasi-line bundle>C'. Thus, £ (8) ^*C'~^ defines a line bundle 
over M. The first Chern class of this line bundle is given by the cocycle s($*r)~^. The 
condition s = {^*r)5p~^ shows that this cocycle is exact, i.e., the line bundle £. (8) 
admits a unitary section. Thus, ker{K) C Gero($). Conversely, if{C,Q) e Gero($) then the 
above argument, read in reverse, shows that {s,t) is exact. Hence, Gero{^) Q ker{K). □ 

Remark 3.4.1. A relative (topological) gerbe {C,Q) e Ger{^) defines a (topological) gerbe 
over the mapping cone by "gluing" the trivial gerbe over Cone(M) with the gerbe Q over 
N C Cone$. Here, the line bundles which define C play the role of transition line 
bundles. For gluing of gerbes see [32]. 
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Example 3.4.2. Let 1— >[/(!)— ^G—^G—^l be a central extension of a Lie group G. 
Suppose $ e C°°(M, A^) and Q ^ is a principal G-bundle. If P = M admit a 

lift P, then we get an element of Z). 

Example 3.4.3. Suppose G is a compact Lie group. Recall that the universal bundle EG — > 
BG is a (topological) principal G-bundle with the property that any principal G-bundle 
P — > P is obtained as the pull-back by some classifying map $ : P — BG. While the 
classifying bundle is infinite dimensional, it can be written as a limit of finite dimensional 
bundles E^G — > P„G. For instance, \IG — U{k), one can take E^G the Stiefel manifold of 
unitary /c-frames over the Grassmanian Grc{k, n). Furthermore, if P is given, any G-bundle 
P ^ P is given by a classifying map $ : P ^ P„G for some fixed , sufficiently large n 
depending only on dim P [24] . 

It maybe shown that H^{BG,Z) classifies central extension 1^U{1)^G^G^ 
1 [6]. For n sufficiently large, H^{B^G,Z) = H^{BG,Z). Hence, we find that H^{<^,Z) 
classifies pairs (G, P), where G is a central extension oi G hy U (1) and P is a lift of ^*EG 
to G. 



Chapter 4 

Differential Geometry of Relative 
Gerbes 



4.1 Connections on Line Bundles 

Let L be a Hermitian line bundle with Hermitian connection V over a manifold M. In 
terms of local unitary sections ai of L If/, and the corresponding transition maps 



connection 1-forms on Ui are defined by Vuj = {2'K^/^)Aiai. On Uw, we have 



Hence, the differentials dAi agree on overlaps. The curvature 2-form F is defined hy F\u^ =: 
dAi. The cohomology class of F is independent of the chosen connection. The cohomology 
class of F is the image of the Chern class Ci{L) e H'^{M, Z) in H'^{M,R). A given closed 
2-form F E Q^(M, R) arises as a curvature of some line bundle with connection if and only 
if F is integral [7]. 

The line bundle with connection (L, V) is called fiat if F = 0. In this case, we define 



: Ui, ^ U{1), 
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the holonomy of (L, V) as follows: We assume that the open cover {Uiji^i is a good cover 
of M. Therefore Ai — dfi on C/j, where : C/j — > R is a smooth map on C/j. Then, 

d(27rV^(^-/,)-logftiO = 0. 

Thus, 

Cjj/ := (27rV^(/i' - fi) - ^og gii>) 

arc constants. Since logg is only defined modulo 2n\/—l Z, so what we have is a collection 
of constants Cui :— Cu' mod Z. Different choices of fi, shift this cocyle with a coboundary. 
The 1-cocycle q^/ represents a Cech class in H^(M, U{1)) which is called the holonomy of 
the flat line bundle L with connection V. 

Let 1/ ^ M be a line bundle with connection V, and 7 : 5*^ M a smooth curve. 
The holonomy of V around 7 is defined as the holonomy of the line bundle 7*L with fiat 
connection 7*V. 

4.2 Connections on Gerbes 

Definition 4.2.1. Let Q — {U, L, 9) be a gerbe on a manifold M. A gerbe connection on 
Q consist of connections Vj,' on line bundles L^i such that (5V)^^,^„^jj'i" := (Vj/j" ® V^,) ® 
'^ii'^Gii'i" = together with 2-forms Wi e Vt^iUi) such that on Uai ,{5zu)iii = Fn' = the 
curvature of Wu'. We denote this connection gerbe by a pair (V, ro). 

Since Fa/ is a closed 2- form, the de Rham differential k \ut'-= dtOi defines a global 3- form 
K which is called the curvature of the gerbe connection, [k] e H^{M, M) is the image of the 
Dixmier-Douady class of the gerbe under the induced map by inclusion 

i : H^{M,Z) H^{M,R). 

A given closed 3-form k G Q'^{M, M) arises as a curvature of some gerbe with connection if 
and only if in is integral [22]. 
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Example 4.2.1. Suppose tt : P — > S is a principal G-bundle, and 

1 ^ u{i) ^ G ^ a ^ 1 

a central extension. In Example 3.3.1, we described a gerbe Q, whose Dixmier-Douady 
class is the obstruction to the existence of a lift tt : P — > -B. We will now explain (following 
Brylinski [7], see also [14]) how to define a connection on this gerbe. We will need two 
ingredients: 

(i) A principal connection 9 e f2^(P, g), 

(ii) A splitting t : P XqQ B x M. oi the sequence of vector bundles 

0^ B xR^ P XgQ^ P XgQ^O 

associated to the sequence of Lie algebras O^M— >0. For a given lift tt : P — > P, 
with corresponding projection g : P — > P, we say that a principal connection 9 e n^{P,Q) 
lifts 9 if its image under ^1^(P,q) — > f2^(P, g) coincide with q*9. Given such a lift with 
curvature 

= d9 + ^[9, 9] e ^l'(P,?)basic = ^'(B, Pxgq), 
let := t{F^) e n^{B,R) be its "scalar part". Any two lifts {P,9) of {P,9) differs by 
a line bundle with connection (L, V^) on B. Twisting a given lift (P, 9) by such a hne 
bundle, the scalar part changes by the curvature of the line bundle 

^^curv{W^) [7]. (4.2.1) 

27rv — 1 

In particular, the exact 3-form dK^ e fl^{B) only depend on the choice of splitting and the 
connection 9. (It does not depend on choice of hft.) In general, a global lift P of P does 
not exist. However, let us choose local lifts {Pi,9i) of (P \ui:0). Denote the scalar part of 
F^'- with Wi G f2^(t/j), and let La/ — > Uar be the line bundle with connection V^"' defined 
by two lifts (Pj |c/..,,^i) and (Pj/ |!7..,,^i')- ^y Equation 4.2.1, 



Chapter 4. Differential Geometry of Relative Gerbes 



37 



On the other hand, the connection SV^ on {5L)ii'i// — LaiLj^iLai is just the trivial connec- 
tion on the trivial line bundle. Hence, we have defined a gerbe connection. 

A quasi-line bundle {E, ip) with connection V'^ for this gcrbe with connection gives rise 
to a global lift (P, 9) of (P, 9), where P is obtained by twisting Pj by the line bundle 
with connection V"^*). The error 2- form is the scalar part of . 

Definition 4.2.2. Let ^ be a gerbe with connection with a quasi-hne bundled = -0)- 
A connection on a quasi-line bundle consists of connections Vf on line bundles Ei with 

curvature Ff such that 

{5W%, := 

Also, the 2-curvatures obey {5F^)iii = Fat. We denote this quasi-line bundle with connec- 
tion by (£, V^). Locally defined 2-forms a; |[/.= zuj — F^ patch together to define a global 
2-form uj which is called the error 2- form [21]. 

Remark 4.2.1. The difference between two quasi-line bundles with connections is a line 
bundle with connection, with the curvature equal to the difference of the error 2-forms. 

Let Q = {U, L, 9) be a gerbe with connection on M. Again, assume that W is a good 
cover. Let t eC^(M, C/(l)) be a representative for the Dixmier-Douady class of Q. Then, 
we have a collection of 1-forms e Q}{Uiii) and 2-forms Wi e il^(C/i) such that 

K\ui — dwi 

5vD — dA 
(27rV^)M = t-^dt. 

If K = 0, we say the gerbe is flat. In this case by using Poincare Lemma, Wi = d^i on Ui 
and on t/jj/, 

{5w)ii> = d5{ij)ii> = dAu,. 
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Thus, again by Poincare Lemma 

By using {2t:\/^-1)5A = t~^dt, we have 

rf((27rv^)5/i-logt) = 0. 

Therefore, what we have is the collection of constants Cii>i» E&{M, M). Since log is defined 
modulo 27r\/^Z, we define 

Cii'i" := Cii'i" mod Z. 

The 2-cocycle Cu'i" represents a Cech class in H^(M, U{1)), which we call it the holonomy 
of the flat gerbe with connection. Let cr : E — > M be a smooth map, where E is a closed 
surface. The holonomy of G around E is defined as the holonomy of the a*G of the flat 

connection gerbe a*{V,to){ [22], [28]). 

4.3 Connections on Relative Gerbes 

Let $ e C°°(M, A^) and U = { U,}if=j, V = { V^ jjej are good covers of M and N respectively 
such that there exists a map r : I ^ J with $( C/j) C Vr(i). 

Definition 4.3.1. A relative connection on a relative gerbe {C,G) consist of gerbe con- 
nection (V, zu) on Q and a connection on the quasi-line bundled = {E, ip) for the 

Consider a relative connection on a relative gerbe {£, Q). Define the 2- form r on M by 

Thus, (r, K.) G is a relative closed 3- form which we call it the curvature of the relative 

connection. 
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Theorem 4.3.1. A given closed relative 3-form {t,k) e arises as a curvature of 

some relative gerbe with connection if and only if (r, k) is integral. 

Proof. Let {t,k) e 0^(<l>) be an integral relative 3-form. By Proposition 2.6.1, 



where o; C is a smooth 3-chain and = da, i.e., {P,a) e Cone3($,Z) is a cycle. If 

q; be a cycle then (0, a) G Cone3($, Z) is a cycle. In this case equation 4.3.1 shows that for 
all cycles a e S^iN, Z), 



Therefore we can pick a gcrbc Q = (V, L, 6) with connection (V, zu) over N with curvature 
3-form K. Denote :— r {ui- Define Ff' e fl'^{Ui) by 



Therefore we can find a line bundle Ei with connection over C/j whose curvature is equal 
to Ff. Over Uui, the curvature of two line bundles and Ei/ (g) E^^ agrees. We can 

assume that the open cover U = {Ui}i^i is a good cover of M. Thus, there is a unitary 
section t/ju/ for the line bundle E^ E^^ (g) ^*Liii such that St/j — ^*9. Therefore we get 
a quasi-line bundle JC — V') with connection for By construction the curvature of 
the relative gerbe {C,Q) is {t,k). Conversely, for a given relative gerbe with connection 
{£, g) we have LFf &Z where (5 d M is a 2-cycle which gives us 4.3.1. □ 




(4.3.1) 




F^ = ^*Wr(i) - Ti. 



Let (a, (3) e Cone3($, Z) be a cycle. 



Then 
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Suppose that ^ is a gerbe with a flat connection gerbe (V,ro) on N and JC a quasi- 
hne bundle with connection for Since k — 0, as it explained in previous Section, 

we get 2-cocyles Qj/j" which represents a cohomology class in H^(M, f/(l)). Since is 
trivializable, we can find a collection of maps fn' on Un' such that Sf = where j — r{i) 
and / = r(i'). Define ku' e M by the formula 

kw =: (27r\/^)$*/iii. - logfw, 

and 

kw :— kii' mod Z. 

Thus, 

$*c = 

Define the relative holonomy of the pair {QiC) by the relative class [(/c,c)] e H^{^, U{1)). 
Definition 4.3.2. Let the following diagram be commutative: 



M N 

where E is a closed surface, i is inclusion map and all other maps are smooth. Suppose Q 
is a gerbe with connection on N and <^*Q admits a quasi- line bundle C with connection. 
Clearly ^0*^ is a fiat gerbe and since i*'il)*Q — ijj*^*G, i*ijj*Q admits a quasi fine bundle 
with connection which is equal to i/j*/! . We can define the holonomy of the relative gerbe 
around the commutative diagram to be the same as holonomy of the pair {ip*C,ip*Q). 



4.4 Cheeger- Simon Differential Characters 

In this section, 1 develop a relative version of Cheeger-Simon differential characters. Denote 
the smooth singular chain complex on a manifold M by S^"^{M). Let Zl^{M) C Sl^{M) 
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be the sub-complex of smooth cycles. Recall that a differential character of degree /c on a 
manifold M is a homomorphism 

j : Zri(M) ^ U{1), 
such that there is a closed form a e Q'^(M) with 

j{dx) — exp (27r-\/^ / a) 

J X 

for any x e Sl'^iM) [9]. 

A connection on a hne bundle defines a differential character of degree 2, with j the 
holonomy map. Similarly, a connection on a gerbe defines a differential character of degree 
3. In more details: 

Any smooth /c-chain x e S^{M) is reahzed as a piecewise smooth map 

Vx-K^^ M, 

where K^. is a /c-dimensional simplicial complex [20]. Then, by definition 




a e Q*^(M). 



Suppose that y e Z|"^(M), y — Y^eiGi with = ±1. Assume ^ is a gerbe with connection 
over M. Since H^{Ky,Z) — 0, ip*Q admits a piecewise smooth quasi-hne bundle C with 
connection. That is, a quasi- line bundles Ci for all Lp*Q , such that they agree on the 
matching boundary faces. Let uj e fl'^{Ky) be the error 2-form and define 

j{y) := exp {2'n:^/-l / a;). 

JKy 

Any two quasi-line bundles differ by a line bundle and hence different choices for C, changes 
cu by an integral 2-form. This shows that j is well-defined. Assume that y — dx. Since 
the components of with empty boundary will not contribute, we can assume that each 
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component of has non-empty boundary. Since if^(ir-E,Z) = 0, we can choose a quasi- 
hne bundle with connection for (fi*Q with error 2-form cu. Let k be the curvature of Q, since 

iflk = du, by stokes' Theorem we have 



cu. 



/ k = du = (jj — 

Jk^ Jk^ JdK^ Jk, 

This shows that j is a differential character of degree 3. 

Definition 4.4.1. Let $ e C°°{M,N) be a smooth map between manifolds. A relative 
differential character of degree k for the map $ is a homomorphism 

J ■■ z:-im - u{i), 

such that there is a closed relative form a) e with 

j{d{y,x)) = exp (27rv^( /" /5 - fa)) 

J y J X 

for any {y,x) e S^'^l^). 

Theorem 4.4.1. A relative connection on a relative gerbe defines a relative differential 
character of degree 3. 

Proof. Let $ e C°°{M,N) be a smooth map between manifolds and consider a relative 
gerbe (vC, ^) with connection. Let e be a smooth relative singular cycle, i.e., 

dy = Q 

and 

= dx. 

Let Ky and be the corresponding simplicial complex, and 



Chapter 4. Differential Geometry of Relative Gerbes 



43 



be the induced map. Given a relative connection, choose a quasi-hne bundle JC' for (p*Q and 
a unitary section a of the hne bundle H :— (p*jC (g) ~^ Let u e Q'^{N) be the error 

2-form for £' and A e Q^{M) be the connection 1-form for H with respect to a. Define a 
map j by 

:=exp(27rv^( / u-l A)). 

JK^ JKy 

If we choose another quasi- line bundle for (^*^, the difference of error 2- forms will be an 
integral 2-form and changing the section a will shift connection 1-form Ato A-\- A' , where 
A' is an integral 1-form. This proves that 

j : zrm ^ u{i) 

is well-defined. Let k be the curvature 3-form for Q and u be the error 2-form for C. Then 

{u,k) e and 

j{d{y,x)) = j{dy,<^^{y) - dx) 

= exp(27ry^( / u- A)) 

= exp(27r\/^( / cD- / / A)) 

J ^^•S>*(y) J Kg^ J Kgy 

= exp(27r^^(/ {<i>*u-dA)- I du)) 

JKy Jk^ 

= exp(27rv^(/ u;- / A;)). 

JjCj, Jk^ 

Thus, J is a relative differential character in degree 3. □ 



4.5 Relative Deligne Cohomology 

Suppose we have a co-chain complex of sheaves A* over a manifold M. For an open cover 

U = {Ui}iQi, define A^j'^ :=C^{V(, A'') to be the Cech p-cochains with values in the sheaf A^. 
On A^'^ we have two differentials, d'^ :A^'^ ^u'^'^^ which is induced from the differential of 
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co-chain complex of sheaves A* and Cech coboundary map 5 :A^'' A^"^^''. Since 5d — dS, 
d"^ — and 6"^ — 0, A^'* is a double complex. We denote the total complex of this double 
complex by T*^ A refinement V <U will induce mappings T*^ ^-^ — >• TJ-^^^. The sheaf 
hypercohomology groups ( [7], [15]) of M with values in the cochain complex of sheaves ^4* 
are defined by 

H'{M,A) :=lim//-(r(t,,^)). 

For any / e C~(C/i, C/(l)) define 

d\ogf:^^-^f-'dfen\U,). 
It is known that classes in the first Deligne hypercohomology group 

H\M;U{1) ^n}) 

are in a one-to-one correspondence with isomorphism classes of line bundle with connection 
on M and classes in the second Deligne hypercohomology group 

are in a one-to-one correspondence with isomorphism classes of gerbes with connection 
on M [7]. Suppose M and N are two manifolds. Fix a map $ e C°°{M,N). Let U = 
{Ui}i(zi, V = {Vj}j(zj be good covers of M and N respectively such that there exists a map 
r : I ^ J with ^{Ui) C Vr(i). Also assume A* and B* are two cochain complexes of 
sheaves over M and N respectively and one is given a homomorphism of sheaf complexes 
B* ^ A*. Then $ induces mappings map 

will induce mappings 
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Denote the algebraic mapping cone of ($*)' by Cone'^ y)($*) and its corresponding coho- 
mology by If (W, V) is a double-refinement of (W, V), i.e., W is a refinement of 

U, V is a refinement of V and there are maps r : I ^ J with ^{Ui) C V^(j), r' : I' ^ J' 
with ^{U'i) C V'r{i), then we will have induced mappings 

Cone^^,,v)($^) ^ Cone^^,,,v')(^)- 
Define the relative sheaf hypercohomology groups H*{^,A,B_) by 

/^•(^,A^):=limif(-^,v)(*)- 

(W,V) 

Definition 4.5.1. We define relative Deligne cohomology of $ by 
and we will denote it by H^{^). 

Theorem 4.5.1. There is a one-to-one correspondence between classes of Hj){^) and iso- 
morphism classes of relative gerbe with connection. 

Proof Let Q = (V, L, 9) be a gerbe with connection on A^. Assume that V is a good cover. 
Let t &&(^N, [/(!)) be a representative for the Dixmier-Douady class of Q. Then, we have 
a collection of 1-forms Ajji e f2^(V^j/), 2-forms ujj e ^'^{Vj) and 3-form k, e il^{N) such 
that 

5w = dA 
{2nV^)5A = t-^dt. 

This defines a class {zu,A,t) e H^{N; U{1) ^ fl^ ^ n^). Let C be a quasi-line bundle 
with connection for ^*Q. We can use * to get h e C^(M, [/(!)) such that 

^*t = 
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Also by using the identity {5F^)ii/ — we can find I e Q^{Uii') such that 

= SI 

Therefore, a relative gerbe {£, Q) gives a class [((/, /i), (zu, A, t))] e □ 

4.6 Transgression 

For a manifold M, we denote its loop space by LM. In this Section first we will construct 
a line bundle with connection over LM by transgressing a gerbe with connection over 
M. A map $ G C°°(M,iV) induces a map L$ G C°^{LM,LN). We will prove that a 
relative gerbe with connection on $ produce a relative line bundle with connection on L$ 
by transgression. In cohomology language it means that there is a map 

r://-($)^i/--i(L$). 

Proposition 4.6.1. (Parallel transportation) Suppose that Q is a gerbe with connection on 
M X [0, 1] and Qq — G\{mx{o})- There is a natural quasi-line bundle with connection for the 
gerbe Tr*Qo ® G"^, where tt is the projection map 

TT : M X [0, 1] ^ M X {0}. 

Proof. It is obvious that we can get a quasi-line bundle with connection for the gerbe 
7r*^o ® We will specify a quasi-hne bundle Cg for the gerbe 7r*Qo Q"^ by the 

following requirements: 

l.The pull-back L*Cg is trivial, while l is inclusion map 

L : M X {0} ^ M X [0, 1]. 

2. Let 1] G Q^{M X [0, 1]) be the connection 3-form for n*QQ ® Q~^. We have L*r] = 0. Let 
X G 0^(M X [0, 1]) be canonical primitive of r} given by transgression. Then we choose the 
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connection on jCg such that its error 2-form is x- Any two such quasi-hne bundles differ by 
a flat hne bundle over M x [0, 1] and which is trivial over M x {0}. □ 

Theorem 4.6.2. A gerbe Q with connection on M x , induces a line bundle Eg with 
connection on M. Also, a quasi-line bundle with connection for Q induces a unitary section 

of Eg. 

Proof. M X = M X [0, 1]/ ~, where the equivalence relation is defined by (m, 0) ~ (m, 1) 
for m e M. Therefore t:*Qq (g) ^~^|mx{i}/~ is a trivial gerbe and >Cg;|Mx{i}/~ is a quasi-line 
bundle with connection for this trivial gerbe, i.e., a line bundle with connection Eg for 
M. If we change Cg to another natural quasi-line bundle with connection, the difference 
between two line bundles over M x 5"^ is a trivial line bundle. This shows the assignment 
Q ^ Eg is well-defined. 

If the gerbe Q admits a quasi-line bundle C, then (7r*>Co) ® {^~^) two quasi- 

line bundles for the gerbe 7i*Qo (S> where Cq = £|mx{o}- Thus n*Co ® Cg> (jCg)^^ 
defines a line bundle over M x = M x [0, 1]/ ~. This line bundle over M defines a map 
s : M ^ U{1). {'k*jCo) ® (>C~-^)|mx{o}/~ is the trivial line bundle E. Since Eg (g) E~^ — s, 
therefore Eg admits a unitary section. □ 

Remark 4.6.1. Let X — LM and ^ is a gerbe with connection M. Consider the evaluation 
map 

e: LM X ^ M. 
Then e*Q will induce a line bundle with connection on LM. 

Theorem 4.6.3. For a given map $ e C°°{M, N), a relative gerbe with connection will 
induce a relative line bundle with connection E^^. 

Proof. The relative gerbe is a gerbe Q on N together with a quasi-hne bundle with con- 
nection £ for the pull-back gerbe ^*Q. The gerbe Q induces a line bundle with connection 
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Eg and the quasi-line bundle with connection £ for induces a unitary section s for the 
hne bundle with connection (L^)*Eg by Theorem 4.6.2. Thus, the pair {s,Eq) defines a 
relative line bundle with connection E^^. □ 



Chapter 5 

Pre-quantization of Group- Valued 
Moment Maps 

5.1 Gerbes over a Compact Lie Group 

It is well-known fact that for a compact, simple, simply connected Lie group the integral 
cohomology H*{G,Z) is trivial in degree less than three, while H^{G,Z) is canonically 
isomorphic to Z. The gerbe corresponding to the generator of H^{G, Z) is called the basic 
gerbe over G. In this section, I give an exphcit construction of the basic gerbe for G — 
SU{n), and of suitable multiples of the basic gerbe for the other Lie groups. This gerbe 
plays an important role in pre-quantization of the quasi-Hamiltonian G-spaces. 

5.1.1 Some Notations from Lie Groups 

Let G be a compact, simple simply connected Lie group and with a maximal torus T. Let Q 
and t denote the Lie algebras of G and T respectively. Denote by A C t the integral lattice. 
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given as the kernel of 



exp : t ^ T. 



Let A* = Hom{A,Z) C t* be its dual weight lattice. Recall that any // e A* defines a 
homomorphism 



This identifies A* = Honi{T,U{l)). Let TZ G A* he the set of roots, i.e., the non-zero 
weights for the adjoint representation. Define 



The closures of the connected components of V^^ are called Weyl chambers. Fix a Weyl 
chamber t+. Let C A* be the set of the positive roots, i.e., roots that are non- negative 
on t+. Then TZ = U A positive root is called simple, if it cannot be written as 

the sum of positive roots. We denote the set of simple roots by S. The set of simple roots 
S C TZ+ forms a basis of t, and 



The hight of a is defined by ht(Q;) = E/cj. Since g is simple, there is a unique root ckq with 
ht(Q;) > ht(Q;o) for all a E TZ which is called the lowest root. The fundamental alcove is 
defined as 



The basic inner product on g is the unique invariant inner product such that a.a — 2 for 
all long roots a which we use it to identify Q* = Q. The mapping ^ — > AdG(exp^) is a 
homeomorphism from 21 onto G/ Ad G, the space of the cojugacy classes in G. Therefore the 




^reg t \ |J kera. 



aeTZ 



t+^{^et\{a,O>0,^aeS}. 



Any root a can be uniquely written as 



2l={eet+|(ao,0>-l}- 
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fundamental alcove parameterizes conjugacy classes in G [11]. We will denote the quotient 
map by : G — > 21. 

Let 9^, 6^ G Q^{G, q) be the left and right invariant Maurer Cartan forms. If Lg and Rg 
denote left and right multiplication hy g & G, then the values of 9g and 9^ at g are given 

by 

9^ = dLg-, : TGg ^ TGe = g, 9f = dRg-i : TGg ^ TG, ^ g. 
For any g E G, 

9^^Adg{9f). 

For any invariant inner product B on g, the form 

n:^^B{9M9\9^])en'{G) (5.1.1) 

is bi-invariant since the inner product is invariant. Any bi-invariant form on a Lie group 
is closed, therefore 77 is a closed 3-form. Its cohomology class represents the generator of 
H^{G,R) = M if we assume that G is compact and simple. If in addition G is simply 
connected, then H^iG^Tj) = Z and one can normalize the inner product such that [rj] 
represents an integral generator [18]. We will say that B is the inner product at level 
A > if B{^, ^) — 2A for all short lattice vectors ^ G A. The inner product at level A = 1 
is called the basic inner product. (It is related to the Killing form by a factor 2cg, where Cg 
is the dual Coxeter number of g.) Suppose G is simply connected and simple. It is known 
that the 3-form defined by Equation 5.1.1 is integral if and only if its level A of S is an 
integer. 

5.1.2 Standard Open Cover of G 

Let //o, • ■ ■ ) be the vertices of 21, with //q = 0. Let 2lj be the complement of the closed 
face opposite to the vertex jij. The standard open cover of G is defined by the pre-images 
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Vj — q Denote the centralizer of exp//j by Gj. Then the flow-out Sj — Gj.exp(2tj) 

is an open subset of Gj, and is a shce for the conjugation action of G. Therefore 

G Xg, = Vj. 

More generally let 21/ — flje/Slj, and Vj = Then Sj — G7.exp(2l/) is a slice for 

the conjugation action of G and therefore 

G Xg, Si = Vr. 

We denote the projection to the base by 

ni-.Vj^ G/Gj. 

Lemma 5.1.1. rjo is exact over each of the open subsets Vj. 

Proof. Sj :— Gj ■ {Qlj — jij) is a star-shaped open neighborhood of in Qj and is Gj- 
equivariantly diffeomorphic with Sj. We can extend this retraction from Sj onto exp(/ij) 
to a G-equivariant retraction from Vj onto Cj — q~^{iij). But since daUJCj + t-CjVo — 0, then 
rjc is exact over Vj. □ 

Let ij : Cj —>■ Vj and TTj : Vj — > G/Gj = Cj denote the inclusion and the projection 
respectively. The retraction from Vj onto Cj defines a G-equivariant homotopy operator 

h, : Q^{V,) ^ n^-\V,). 

Thus, 

dchj + hjdc — Id — T^jt*. 

Define the equivariant 2- form zuj on Vj by (c^j)© — hjTjo — 7r|a;c^. .Write (cPjOg — '^j ~ &j 
where Wj e ^'^{Vj) and 9j e Q^(Vj,g). For any conjugacy class C C Vj, i*{wj)G -\-0Jc is an 
equivariantly closed 2-form with dj as its moment map. Therefore L*{wj)G + oJc = 0*j{uJo)Gi 
where {ujo)g is the symplectic form on the (co)-adjoint orbit O — Oj{C). 
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Proposition 5.1.2. OverVij — VillVj, di — dj takes values in the adjoint orbit Oij through 
lii — 11 j . Furthermore, 

where Oij := Oi — Oj : Vij — >• Oij, and {uiOij)G is the equivariant symplectic form on the orbit. 

Proof. Let : 2lj — > t be the inclusion map. Then 

hj o (exp \<2ij)^{9^ + 9^) = hj o du = 1/ — Hj 

where hj is the homotopy operator for the hnear retraction of t onto \Xj. This proves that 
(exp Igij)*^^ — u — Hj. Therefore, for ^ e 21^^ we have, 

%(expO = - l^i) - - l^j) = l^j - l^i- 

Therefore 9ij takes values in the adjoint orbit through /ij—jii by equivariance. The difference 
zui—zuj vanishes on T and is therefore determined by its contractions with generating vector 
fields. But 9ij is a moment map for zui — zuj, hence zui — zuj equals to the pull-back of the 
symplectic form on Oij. □ 

5.1.3 Construction of the Basic Gerbe 

Let G be a compact, simple, simply connected Lie group, and B is an invariant inner prod- 
uct at integral level A; > 0. Use B to identify = 0* and t = t*. We assume that under 
this identification, all vertices of the alcove are contained in the weight lattice A* C t. This 
is automatic if G is the special unitary group = SU {d + 1) or the compact symplectic 
group Cd — Sp{2d). In general, the following table hsts the smallest integer k with this 
property [5]: 
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G 


Ad 


Bd 


Cd 


Dd 




Ej 


Es 


^4 


G2 


k 


1 


2 


1 


2 


3 


12 


60 


6 


2 



For constructing the basic gerbe over G, we pick the standard open cover of G, V = {Vj, i = 
0, • • • ,d}. For any // e A*, with stabihzer G^, define a fine bundle 

with the unique left invariant connection V, where is the 1-dimensional G^-representation 
with infinitesimal character /i. is a G-equivariant pre-quantum line bundle for the orbit 
O^G-fx. Therefore 

—curveaiV) = {u!c)g '■= i^o - $0 

ZTT 

where cuo is a symplectic form for the inclusion map $0 : O — > g*. Define line bundles 

equipped with the pull-back connection. In three fold intersection Vijk, the tensor product 
{SL)ijk = LjkL^f}Lij is the pull-back of the line bundle over G/Gijk which is defined by the 
zero weight 

{Hk - l^j) - {l^k - l^i) + il^j - /^j) = 

of Gijk- Therefore it is canonically trivial with trivial connection. The trivial sections 
tijk — 1, satisfy St — 1 and (5V)i = 0. Define (-Fj)g — {'^j)G- Since 

5{F)g = = ^ curveGiV^^), 

(27rV-l) 

then Q — {V,L,t) is a gerbe with connection (V,ro). The construction of the basic gerbe 
is discussed in more general cases in [30, 3]. 
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5.1.4 The Basic Gerbe Over SU(n) 

In this Section, I show that the our construction of the basic gerbe over SU (n) is equivalent 
to the construction of the basic gerbe in Gawedzki-Reis [12]. 
The special unitary group is the classical group: 

SU(n) ^{Ae U(n) | det A = 1}, 

which is a compact connected Lie group of dimension equal to — 1 with Lie algebra equal 
to the space: 

su(n) = {Ae Lc(C", C") I A* + A = andtrA = 0}. 
Any matrix A e SU (n) is conjugate to a diagonal matrix with entries 

diag (exp((27rV^)Ai(A)), • • • , exp((27r^)A„(>l))) 

where Xi{A), ■ ■ ■ , Xn{A) e M are normalized by the identity S^^^Aj(74) — and 

Xi{A) > X2{A) >■■■> Xn{A) > Xi{A) - 1. (5.1.2) 

Consider the following maximal torus of SU{n), 

T^{Ae SU{n) I A is diagonal}. 

Let t be the Lie algebra of T. Thus, t ^ {A e | Ef^^A^ = 0}. The roots a e 7^ C t* are 
the linear maps: 

aij : t ^ M, (Ai, • • • , A„) Aj - A^, i ^ j, 
and the set of simple roots is 

S = {q;i,2, Oi2,3, • • • , an-l,n}- 

The lowest root is an,i{ [26], Appendix C). Choose the following Weyl chamber 

t+ = {(Ai, • • • , A„) e 1 1 Ai > A2 > • • • > A„}. 
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In that case the fundamental alcove is 

21 = {(Ai, ■ ■ ■ , A„) e 1 1 Ai > A2 > • • • > An > Ai - 1}. 

The basic inner product on t is induced from the standard basic inner product on R". We 
can use this inner product to identify t = t*. Under this identification aij = Cj — ej, where 
{^i}i=i is the standard basis for M."-. The fundamental weights are given by 

//j = {A e 21 1 Ai = A2 = • • • = Aj > Aj+i = • • • = A„ = Ai - 1}. 

SU{ny^'^ = {A e SU{n) \ all eigenvalues of A have multiphcity one} ^ Gx^ intSl = G/T. 

For i e {1, • • • , n}, define 

2li := {A e 21 1 Ai > • • • > Ai > A^+i > • • • > A„ > Ai - 1}. 

Thus, the standard open cover for SU (n) is V = {Vi}"^]^, where Vi = g^^(2lj). Each SU {n)ij 
is isomorphic to U{n — 1) with the center isomorphic to U{1). Over the set of regular 
elements all the inequalities are strict and we have n equivariant line bundles Ei, - • • ,En 
defined by the eigenhnes for the eigenvalues exp((27rv/^)Aj(A)). For i < j, the tensor 
product Ei^i ® ■ ■ ■ ^ Ej — >• SU{nY^^ extends to a line bundle E^j Vy. For i < j < k, 
we have a canonical isomorphism Eij (8) Ejk = E^k over Vijk- These line bundles together 
with corresponding isomorphisms define a gerbe over SU{n), in Gawedzki-Reis sense, which 
represents the generator of H^{SU {nj^Tj). Each Ei = G Xt for some G A*. In fact, 
by using the standard action of T C SU{n) on C", one can see that 

i'i = ei - -(1, ■••,!). 
n 

Since /i^ = Hl^iCk — ^E^^j^e^, therefore, Hi — ^l^ii^k- Recall that in Section 5.1.3, to 
construct the basic gerbe, we defined :— 6*j{L^^^^.) on Vij. Thus, for i < j we have 
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5.2 The Relative Gerbe for Hoi : Ag{S^) ^ G 

Denote the affine space of connection on the trivial bundle x G hy Ag{S^)- Thus, 
Ag{S^) = fi^{S^, q). The loop group LG = Map{S'^, G) acts on Ag{S'^) by gauge transfor- 
mations: 

g-A^Adg{A)-g*e''. (5.2.1) 
Taking the holonomy of a connection defines a smooth map 

Hoi : Ag{S^) G 

with equivariance property Hol((y' • A) = Adg(^o)B.o\{A). If q carries an invariant inner 
product B, we write Lq* instead of Ag{S^) using the natural pairing between ^2^(5*^,0) 
and Lg — ff{S^,g). We will refer to this action as the coadjoint action. However, notice 
that the action 5.2.1 is not the point wise action. Recall that we have constructed in Section 
5.1.3, 

a) An open cover V — {Vq, ■ ■ ■ , Va} of G such that Vj/G — where d — rankG. 

b) For each Vj, a unique G-equivariant deformation retraction on to a conjugacy class 
Cj — G ■ exp(yUj), where fij is the vertex of This deformation retraction descends to the 
linear retraction of 2lj to fij. 

c) 2-forms zuj e Q^(Vj), with dzuj — rj |y^., such that the pull-back onto Cj is the invariant 
2-form for the conjugacy class Cj. 

Lemma 5.2.1. There exists a unique LG-equivariant retraction from Vj :— Hol~^(T^) onto 
the coadjoint orbit Oj = LG ■ fij, descending to the linear retraction o/2lj onto fij. 

Proof. The holonomy map sets up a one-to-one correspondence between the sets of G- 
conjugacy classes and coadjoint LG-orbits, hence both are parameterized by points in the 
alcove. The evaluation map LG — > G, g i— > g{l) restricts to an isomorphism {LG)j = Gj 



Chapter 5. Pre-quantization of Group-Valued Moment Maps 



58 



[29]. Hence, 

where Sj — Hol~^(5j) and Sj — Gj ■ exp(2lj). Therefore the unique equivariant retraction 
from Vj onto Cj, which descends to the hnear retraction of 21^ onto the vertex /ij, hfts to 
the desired retraction. □ 

Consider the following commutative diagram: 

Hoi Hoi 

V, Cj 

where ttj : Vj Oj is the projection that we get from retraction. Let aj e ^"^{Vj) denote 
the pull-backs under ttj of the symplectic forms on Oj. 

Lemma 5.2.2. On overlaps Vj fl Vj>, aj — aji — Rol* {zuj — voji). 

Proof. Both sides are closed LG-invariant forms, for which the pull-back to t C Lq* van- 
ishes. Hence, it suffices to check that at any point /i G Oj H Oj' C t C Lq*, the contraction 
with (lq* are equal for ( e Lg. We have 

LiOaj = n*jdB{^j,C) 

where $j : Oj ^ Lq* is inclusion. But 

= {Ad,i,,j) - g*e^) - {AdM - g*e^) 
= Adg{nj-Hj>). 
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This, however, is another moment map for Rol* {zuj — voji). □ 
We conclude that the locally defined forms 

^\v= Hor(tUj) - aj 

patch together to define a global 2-form vo e ^^(Lg*). Form the properties of Wj and Uj 
we read off: 

(i) dvD — Hoi* 77, 

(ii) .(ar )^ = |s(Hor (^^ + e^), c(o)) - dB{ix, c). 

Here ji : Lg* — ^ Lg* is the identity map. Such a 2-form was constructed in [2] using a 
different method. 

Consider the case G — SU{n) or G — Sp{n), which are the two cases where the vertices 
of the alcove lie in the weight lattice A*, where we identify q* = q using the basic inner 
product. Let 

U{1) ^LG^LG 

denote the k-th power of the basic central extension of the loop group [31]. That is, on the 
Lie algebra level the central extension 

is defined by the cocycle, 

where B is the inner product at level k. The coadjoint action of LG on Lq* — Lg* x M 
preserves the level sets Lg* x {t}, and the action for i = 1 is exactly the gauge action 
of LG considered above. Since iij e A*, the orbits LG ■ fij = Oj carry LG-equivariant 
pre-quantum line bundles Loj — > Oj, given explicitly as 

Loj = LG x^-^^, 
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Here {LG)j is the restriction of LG to the stabihzer {LG)j of //^ e t C Lg*, and C(^^.,i) 
denotes the 1-dimensional representation of {LG)j with weight {/ij, 1) e A* x Z. Let 
Ej Vj be the pull-back tx*Lq.. On overlaps, Vj fl Vji, Ej Ej',^ is an associated bundle 
for the weight {fXj, 1) — {fij/, 1) = — fXj', 0). Therefore, Ej £y ^ is an LG-equivariant 
bundle. It is clear by construction that Ej (g) E~,^ is the pull-back of the pre-quantum line 
bundle over Ojj/ C g*. Taking all this information together, we have constructed an exphcit 
quasi-line bundle for the pull-back of the k-th power of the basic gerbe under holonomy 
map Hoi : Lq* G with error 2- form equal to w e Q,^{Lq*). 



5.3 Review of Group- Valued Moment Maps 

Suppose (M, cu) is a symplectic manifold together with a symplectic action of a Lie group 
G. This action called Hamiltonian if there exists a smooth equivariant map 

$ : M ^ 0* 

such that 

for all ^ e 0, where is the vector field on M generated by ^ e 0, i.e., 

^M{m) = ^ |t=o exp(tO • m. 

The map $ and the triple (M, uj, $) are known as moment map and Hamiltonian G-manifold 
respectively [17]. Let G be a compact Lie group. Fix an invariant inner product B on g, 
which we use to identify = 0*. Since the exponential map exp : — > G is a diffeomorphism 
in a neighborhood of the origin, the composition map 

"if := exp o $ : M ^ G 

inherits the properties of the moment map $ and vice versa. 
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Definition 5.3.1. A quasi- Hamiltonian G-space with group- valued moment map is a triple 
(M, LJ, ^) consisting of a G-manifold M, an invariant 2-form cu e ft^{M), and an equivariant 
smooth map ^ : M ^ G such that 

1. dcu — ^*77 where 77 e fl^{G) is the 3-form defined by B. This condition is called the 
relative cocycle condition. 

2. i{^M)oo = + ^^), 0- This condition is called the moment map condition. 

3. The ker(a;j„) e T^(M) for m e M consists of all ^m(?7i) such that 

This is called the minimal degeneracy condition. 
5.3.1 Examples 

Example 5.3.1. Consider a Hamiltonian G-manifold (M, such that the image of $ is 
a subset of the set of regular values for the exponential map. Then (M, T, is a quasi- 
Hamiltonian G-space with group-valued moment map, where 

= exp 0$ 

and 

T -.= 00 + ^*^ 

where zu e ^^{q) is the primitive for exp* rj given by the de Rham homotopy operator for 
the vector space g. The converse is also true, provided that ^(M) lies in a neighborhood 
of the origin on which the exponential map is a diffeomorphism. 
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Example 5.3.2. Let C C G be a conjugacy class of G. The triple (C,a;,$) is a quasi- 
Hamiltonian G-space with group-valued moment map where $ : C ^ G is inclusion and 
ooACcig), Ccig)) = '^B{{Ad, - Ad,-.)C, C) [19]. 

Example 5.3.3. Given an involutive Lie group automorphism p e Aut{G), i.e., = 1, one 
defines twisted conjugacy classes to be the orbits of the action h ■ g — p{h)gh~^. G is a 
symmetric space 

G^GxG/{GxGy 

where p{gi,g2) = {92,91)- The map GxG^ZitxGxG, {91, g2) ^ {p~^, 91,92) takes 
the twisted conjugacy classes of G x G to conjugacy classes of the disconnected group 
Z2 K G X G. Thus by using example 5.3.2 the group G itself becomes a group-valued 
Hamiltonian Z2 x G x G, with 2-form cu — 0, moment map g 1— > (p, g, g"^) and action 

{91, 92)- 9 = 9299l\ P-9 = 9~^- 

Example 5.3.4. Let -D(G) be a product of two copies of G. On D{G), we can define a,GxG 
action by 

(9i,92)-(a,b) = (giag^^,g2ag:[^). 

Define a map 

* : D{G) ^GxG, ^(a, b) = {ab, a'^b'^) 
and let the 2-form uj be defined by 

u = ^(S(Prt 9^, PtI 9^) + B{Py\ 9^, Pr^ 9^)) 

where Pri and Pr2 are projections to the first and second factor. Then the triple {D{G),iu, \E') 
is a Hamiltonian G x G-manifold with group-valued moment map. 
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Example 5.3.5. Let G = SU{2) and M ^ S"^ the unit sphere in ^ x R, with 
SU( 2) -action induced from the action on C^. M carries the structure of a group- valued 
Hamiltonian S'[/(2)-manifold, with the moment map ^ : M ^ SU{2) = 5"^ the suspen- 
sion of the Hopf fiberation S"^. For details, see [1]. This example is generalized by 
Hurtubise-Jeffrey-Sjamaar in [23] to G = SU{n) acting on M = 5^" (viewed as unit sphere 
in C" X R). 

The equivariant de Rham complex is defined as 

^g{M)= {n^{M)®S\Q*)f 

2i+j=k 

where S{q*) is the symmetric algebra over the dual of the Lie algebra of G. Elements in this 
complex can be viewed as equivariant polynomial maps from g into the space of differential 
forms. flciM) carries an equivariant differential do of degree 1, 

Since {d + ^(^m))^ = L{^m) and we are restricting on the equivariant maps, d^ — 0. The 
equivariant cohomology is the cohomology of this co-chain complex [18]. The canonical 
3-form T) has a closed equivariant extension rja £ ^g(G) given by 

We can combine the first two conditions of the definition of a group- valued moment map 
and get the condition 



Chapter 5. Pre-quantization of Group-Valued Moment Maps 



64 



5.3.2 Products 

Suppose (M, a;, (^1,^2)) is a group-valued Hamiltonian G x G-manifold. Then M = M 
with diagonal action, moment map = ^^1^2 and 2-form 

is a group- valued quasi-Hamiltonian G-space. If M = Mi x M2 is a direct product of two 
group- valued quasi-Hamiltonian G-spaces, we call M the fusion product of Mi and M2. 
This product is denoted by Mi ® M2. If we apply fusion to the double D{G), we obtain a 
group-valued quasi-Hamiltonian G-space with G-action 

g ■ (a, h) = {AdgG, Adgb), 

moment map 

*(a, 6) = aba~^b~^ = [a,b], 

and 2-form 

u; = ^(5(Pr* 9^, Prl 9^) + 5(Pr* 9^, Pr^ 9^) - B{{aby9^, (a-^r^)*^^)). 

Fusion of h copies of D{G) and conjugacy classes Ci, • • • ,Cr gives a new quasi-Hamiltonian 
space with the moment map 

h r 

^(ai, 61, • ■ ■ ,ah, bh, di,--- , dr) = JJK, bj] 4. 

j=l k=l 

5.3.3 Reduction 

The symplectic reduction works as usual: 

If (M, a;, be a Hamiltonian G-space with group- valued moment map and the identity 

element e G G be a regular value of \E', then G acts locally freely on \E'~^(e) and therefore 
^~^(e)/G is smooth. Furthermore, the pull- back of lu to identity level set descends to a 
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symplectic form on M/ /G :— ^ ^{e)/G. For instance, the moduli space of flat G-bundles 
on a closed oriented surface of genus h with r boundary components, can be written 

M(E;Ci,--- ,Cr)^G^''®Ci®---®Cr//G^^-\e)/G 

where the j-th boundary component is the bundle corresponding to the conjugacy class Cj. 
More details can be found in [2], [1]. 

5.4 Pre-quantization of G- Valued Moment Maps 

We know that a symplectic manifold (M, u) is pre-quantizable (admits a line bundle L 
over M with curvature 2-form cu) if the 2-form ou is integral. In this Section, we will first 
introduce a notion of a pre-quantization of a space with G-valued moment map and then 
give a similar criterion for being pre-quantizable. 

Definition 5.4.1. Let G be a compact connected Lie group with canonical 3-form 77. 
Fix a gerbe ^ on G with connection (V,ot) such that curv{Q) — rj. A pre-quantization 
of (M, o;,^) is a relative gerbe with connection {C,Q) corresponding to the map ^ with 
relative curvature {u!,r]). 

Since 77 is closed 3-form and '$*ri = du, {00, f]) defines a relative cocycle. Recall from 
chapter 1 that a class [{u!,r))] e i?^(^,M) is integral if and only if J^r) — J^cu & Z for all 
relative cycles (/3,E) e C3(*,R). 

Remark 5.4.1. (M, o;,^) is pre-quantizable if and only if [{u!,r})] is integral by Theorem 
4.3.1. 

Theorem 5.4.1. Suppose M^, i — 1,2 are two quasi- Hamiltonian G-spaces. The fusion 
product Ml ® M2 is pre-quantizable if both Mi and M2 are pre-quantizable. 
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Proof. Let Mult : G x G ^ G he group multiplication and Pij : G x G ^ G, i = 1, 2 
projections to the first and second factors. Since 

Mult* T] = PTlr] + P4r] + ^5(Pr* 9^, Pil 9^), 

we get a quasi-line bundle with connection for the gerbe Mult* ^ ® (Pr^^)~^ ® (Pr2^)~^ 
such that the error 2-form is equal to |S(Pr^ 9^, Pr^ 9^). Any two such quasi-line bundles 
differ by a fiat line bundle with connection. Let i = 1,2 be moment maps for Mj, 
i — 1,2 respectively and ^ = ^1^2 be the moment map for their fusion product Mi ® M2. 
Thus, 

^^J*g = X ^2)* Mult* g 

= x*;)((Prt^?)(g)(Pr;e?)) 

Therefore Mi ® M2 is pre-quantizable if and only if both Mi and M2 are pre-quantizable. □ 

Proposition 5.4.2. Suppose G is simple and simply connected. Let k & Z be the level of 
{M, a;, ^) . Suppose H^{M, Z) = 0. Then there exists a pre-quantization of {M, a;, if and 
only if the image of 

: H^{G,Z) H^{M,Z) 

is k-torsion. 

Proof. By assumption, [rj] represents k times the generator of H^{G, Z). If H'^{M, Z) = 0, 
the long exact sequence: 

> H^{G, Z) ^ H^{M, Z) ^ H^{^, Z) ^ H%G, Z) ^ H%M, Z) ^ • • • 
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shows that the map if^(^,Z) H^{G,Z) is injective. In particular, if^(^,Z) has no 
torsion, and (M, o;,^) is prc-quantizable if and only if [r]] is in the image of the map 
H^{^,Z) H^{G,Z), i.e., in the kernel of H^{G,Z) H^{M,Z). This exactly means 
that the image of this map is /c-torsion. □ 

Proposition 5.4.3. // H2{M, Z) — a pre-quantization exists. More generally, ifH2{M, Z) 
is r-torsion, a level k pre-quantization exists, where k is a multiple of r. 

Proof. If rH2{M,Z) = 0, for any cycle S G C2(M), there is a 3-chain T e CaiM) with 
dT^r-S.Ii = dB, *(T) - is a cycle and 




(5.4.1) 



By Remark 5.4.1 (M, a;,^) is pre-quantizable. □ 

Example 5.4.1. M = 5^ carries the structure of a group- valued Hamiltonian SU (2)-manifold, 
with the moment map "if : M ^ SU (2) = the suspension of the Hopf liberation ^ S'^, 
Example 5.3.5. By Proposition 5.4.3 this 5'?7(2)-valued moment map is pre-quantizable. 
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5.4.1 Reduction 

Let G be a simply connected Lie group. Fix a pre-quantization C for a space with G- valued 
moment map (M, o;,^). 

c g 



^-\e) {e} 

Since ^|^-i(e) is equal to trivial gerbe, £|^-i(e) is a line bundle with connection with cur- 
vature (t$-i(e))*a;. Since G is simply connected and the 2-form (i^-i(e))*a; is G-basic, there 
exists a unique lift of the G-action to £|$-i(e) in such a way that the generating vector 
fields on £|^-i(e) are horizantal. This is a special case of Kostant's construction [27]. In 
conclusion, we get a pre-quantum line bundle over ^~^(e)/G. 

5.4.2 A Finite Dimensional Pre-quantum Line Bundle for 

Let M — G"^^ where G is a simply connected Lie group and consider the map 

* : M ^ G 

with the rule 

h 

*(ai, • • • ,a/i) = JJ[ai,6i]. 

i=l 

Let Q be the basic gerbe with the connection on G and curv{Q) = r]. The moduli space of 
flat G-bundles on a closed oriented surface E of genus h is equal to 

A^(E) = G2V/G = *-^(e)/G. 

Since G is simply connected, H\G,Z) = H^{G^^\Z) = 0. H^{G^^\Z) ~ Z is torsion free 
therefore by Proposition 4.3.3 there exists a unique quasi-line bundled for the gerbe ^*^. 
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Pick a connection for this quasi-line bundleand call the error 2-form u. Therefore d{i' — 
Lo) — 0. This together with the fact that if^(M, Z) = allow us to modify quasi-line 
bundle with connection such that triple (M, cj,^) is pre-quantizabe. By reduction we get 
a pre-quantum line bundle over ^~^(e)/G — A1(E). 

5.4.3 Pre-quantization of Conjugacy Classes of a Lie Group 

Let G be a simple, simply connected compact Lie group. Fix an inner product B at level 
k. The map 



takes (co) adjoint orbits to conjugacy classes C = G ■ exp(,^). 

Any conjugacy class C C G is uniquely a G- valued quasi- Hamiltonian G-space ( C, lu, 
where ^ : C ^ G is inclusion map, as it explained in example 5.3.2. Suppose E) e 
Cone„(^, Z) is a cycle. We want to see under which conditions C is pre-quantizable at level 
k. Equivalently, we are looking for conditions which implies 



where rj — ^B{d^ ^\Q^ ^d^\) is canonical 3-form. Consider the basic gerbe Q = {V,L,9) 
with connection on G with curvature rj. For all C C G there exists a unique ^ G 21 such 
that exp(^) e C. Let 



exp : g 



G 




Lc-.C^G 



be inclusion map assume that Wq is the primitive of 77 on Vq, i.e.. 



77 \vo^ dw^ 



'0 



where Vq contains C. Recall from Section 5.1.3 that 
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and pull-back of the ^ to C is zero. Thus, 

k{ uc- icv) ^ k{ e*o{u;o^)G - ic{'^o)G - / t-civ)) 

Jt. J 13 JT. J 13 

= k{jjl{uo,)G). 

{ujc-i i-cV) is integral if and only if the symplectic 2-form kcuo^ is integral. It is a well-known 
fact from symplectic geometry that kujo^ is integral if and only if S(^) e := A* fl k% 
by viewing S as a linear map t — > t*. 

5.5 Hamiltonian Loop Group Spaces 

Fix an invariant inner product B on q. Assume that G is simple and simply connected. 
Recall that a Hamiltonian loop group manifold is a triple (M, uj, ^) where M is an (infinite- 
dimensional) LG-manifold, cu is an invariant symplectic form on M, and ^ : M — > Lg* an 
equivariant map satisfying the usual moment map condition, 

Example 5.5.1. Let O C Lg* be an orbit of the loop group action. Then O carries a unique 
structure for a Hamiltonian LG-manifold when the moment map is inclusion and the 2-form 
is 

^^i{io{l^),rio{lJ')) = i.d^i,ri) = / B{{d^^),r]). 

The based loop group Q,G C LG consisting of loops that are trivial at the origin of 
S^, acts freely on Lq* and the quotient is just the holonomy map. There is a one-to-one 
correspondence between quasi- Hamiltonian G-spaces (M, a;, ^) and Hamiltonian LG-spaces 
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with proper moment maps (M, cu, "if), where 

M = M/nc, 

Hoi = ^ o Hoi, 

Lu = Hol* uj — "i/zu. 

This is called Equivalence Theorem in [2]. We thus, have a commutative diagram: 



M 



Hol 



Hol 



M 



G 



Theorem 5.5.1. (Equivalence Theorem for Pre-quantization) There is a one-to-one corre- 
spondence between pre- quantizations of quasi- Hamiltonian G -spaces with group valued mo- 
ment maps and pre- quantizations of the corresponding Hamiltonian LG-spaces with proper 
moment maps. 

Proof. Assume that we have constructed a pre-quantization of a quasi-Hamiltonian G-space 
with group- valued moment map (M, a;,^) with the corresponding Hamiltonian LG-space 
(M, a;,^'). Thus, we have a relative gerbe mapping to the basic gerbe over G. Pull- 
back of this quasi-line bundle under Hol : M M, gives a quasi-line bundle of the 
gerbe Hol* '$*Q — Hol* Q over M. But recall that, we have a quasi-hne bundle for 
Hol* Q as it explained in Section 5.2. Therefore the difference between these two quasi-line 
bundles with connection is a line bundle with connection L — > M with the curvature 2-form 
UJ — Hol* UJ — ^tu by Remark 4.2.1. Note also that if the quasi-line bundle for ^ : M ^ G 
is G-equivariant, then since the quasi-line bundle for Lq* ^ G is LG-equivariant, the line 
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bundle L will be LG equivariant. Conversely, suppose that we are given a LG-equivariant 
line bundle over M, where U{1) C LG acts with weight 1. The difference of this LG- 
equivariant line bundle and the LG-equivariant quasi-line bundle for Hoi* (constructed 
in Section 5.2), is a quasi-line bundle with error 2-form Hoi* cu. By descending of this quasi- 
line bundle to M, we can get the desired quasi-line bundle for ^*^. □ 

The argument, given here applies in greater generality: 
For any LG-equivariant line bundle L M, where the central extension [/(I) C LG acts 
with weight A; e Z, there is a corresponding relative gerbe at level k with respect to the map 
^ : M ^ G. Indeed, the given quasi-line bundle for ^* Hoi* Q'' is given by LG equivariant 
line bundles over Hol~^ "^'^{Vj) at level k. Twisting by L, we get new quasi-line bundle 
where C/(l) C LG acts trivially. The quotient therefore descends to a quasi-line bundle over 
M. For instance, Meinrenken and Woodward construct for any Hamiltonian loop group 
space a so-called "canonical line bundle" in [29] , which is LG-equivariant at level 2c, where c 
is the dual Coxeter number. Therefore this line bundle gives rise to a distinguished element 
of Z) at level 2c. Notice that M and M are not pre-quantizable necessarily. 
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